Abstract. An abelian surface A /Q of prime conductor N is favorable if its 2-division field F is an S 5 -extension with ramification index 5 over Q 2 . Let A be favorable and let B be any semistable abelian variety of dimension 2d and conductor N d such that B[2] is filtered by copies of A[2]. We give a sufficient class field theoretic criterion on F to guarantee that B is isogenous to A d .
Introduction
Let I d (S) be the set of isogeny classes of simple abelian varieties over Q of dimension d with good reduction outside S, a finite set of primes. By [Falt1] , I d (S) is finite and it is empty when S is by [Abr, Fon4] . All curves of genus 2 with good reduction outside 2 are found in [MeSm, Sma] , yielding 165 isogeny classes of Jacobians. Factors of J 0 (2 10 ) and Weil restrictions of elliptic curves over quadratic fields provide an additional 50 members of I 2 ({2}), but the complete determination of I 2 ({2}) is still open. For semistable abelian varieties, Fontaine's non-existence result has been slightly extended [BK1, BK2, BK4, Cal, Sch2] . It is much more challenging to find all isogeny classes when some exist.
In a beautiful sequence of papers [Sch2, Sch3, Sch4] , Schoof shows that for S = {N } with N ≤ 19 and N = 23 (resp. S = {3, 5}), the classical modular variety J 0 (N ) (resp. J 0 (15)) is the only simple semistable abelian variety of arbitrary dimension, up to isogeny. To apply Faltings' isogeny theorem on abelian varieties, Schoof introduces a general result on p-divisible groups whose constituents belong to a category C of finite flat group schemes. For the reader's convenience, the statement is included here as Theorem 3.7. For a suitable choice of category D, depending on S, Schoof determines all simple objects and their extensions by one another. Because the Odlyzko bounds are used, the sets S to which these methods apply are severely limited.
In fact, given a finite set S of primes, it seems challenging to decide whether the dimension of the simple semistable abelian varieties good outside S is bounded.
This paper grew out of the desire to check the uniqueness of certain isogeny classes for larger conductors. Another motivation was to provide additional evidence for our conjecture. Paramodular Conjecture ([BK4] ). Let K(N ) be the paramodular group of level N . There is a one-to-one correspondence:
isogeny classes of abelian surfaces
A /Q of conductor N with End Q A = Z ←→ weight 2 non-lifts f on K(N ), with rational eigenvalues, up to scalar multiplication in which the ℓ-adic representation of T ℓ (A) ⊗ Q ℓ and that associated to f are isomorphic for any ℓ prime to N, so that the L-series of A and f agree.
The L-series of abelian surfaces of GL 2 -type are understood via classical elliptic modular forms, while our conjecture treats all other abelian surfaces. It is verified in [BDPS, JLR1] for the Weil restrictions of modular elliptic curves over quadratic fields, not isogenous to their conjugates. It is also compatible with twists [JLR2] .
To ensure that we are not in the endoscopic case, we consider prime conductors. By [BK4, Theorem 3.4.11] , an abelian surface of prime conductor is isogenous to a Jacobian. For each N in {277, 349, 461, 797, 971}, the space of weight 2 non-lift paramodular forms on K(N ) is one-dimensional [PoYu] , so our conjecture predicts that there should be exactly one isogeny class of abelian surfaces of conductor N . In [BK4] , we proved that 277 is the smallest prime conductor. For each N listed above, there is a unique Galois module structure available for A [2] . For those N , Q(A[2]) must be the Galois closure of a favorable quintic field as defined below. Definition 1.1. Let N be an odd prime. A quintic extension F 0 /Q of discriminant ±16N is favorable if the prime over 2 has ramification index 5. A favorable polynomial is any minimal polynomial for a favorable quintic field. An abelian surface A of prime conductor N is favorable its 2-division field Q(A [2] ) is the Galois closure of a favorable quintic field.
We note some pleasant properties of favorable quintic fields. Proposition 1.2. Let F be the Galois closure of a favorable quintic field F 0 of discriminant d 0 = 16N * with N * = ±N . Then:
i) Gal(F/Q) is isomorphic to the symmetric group S 5 . At each prime N|N , the inertia group I N = I N (F/Q) is generated by a transposition. ii) The completion F P of F at each prime P|2 is isomorphic to Q 2 (µ 5 ,
5
√ 2) and the decomposition group D P = D P (F/Q) is the Frobenius group of order 20. The sign of N * is determined by N * ≡ 5 (8).
iii) There is only one prime over 2 in the subfield K 20 of F fixed by Sym{3, 4, 5}. iv) If A is a favorable abelian surface, then A[2] |Z2 is absolutely irreducible and biconnected over Z 2 .
Proof. i) Since N exactly divides d 0 , only one prime say N 0 over N ramifies in F 0 /Q and the O F0 -ideal generated by N factors as (N ) = N e 0 a, where a is an ideal prime to N 0 and e > 1. If f is the residue degree of N 0 then N (e−1)f divides d 0 , so e = 2, f = 1 and the other primes over N are unramified in F 0 /Q. Thus the completion F N is Q N ( √ d 0 ) and I N has order 2. Since I N acts non-trivially on √ d 0 , it is generated by a transposition. A transposition and a 5-cycle generate S 5 .
ii) By assumption, F P /Q 2 has tame ramification of degree 5 and thus contains Q 2 (µ 5 , 5 √ 2). Since D P is solvable, F = Q 2 (µ 5 , 5 √ 2). Any Frobenius automorphism at P is a 4-cycle, so it acts non-trivially on √ d 0 and therefore N * ≡ 5 mod 8.
iii) There are no transpositions in D P , so D P ∩ Sym{3, 4, 5} is trivial. Since [K 20 : Q] = 20, there is only one prime over 2 in K 20 .
iv) Since D P acts on A[2] via its unique 4-dimensional absolutely irreducible F 2 -representation, A[2] |Z2 has noétale or multiplicative constituents.
A favorable S 5 -field is the Galois closure of a favorable quintic field. The Jacobian of a genus 2 curve C is favorable only if C has a model y 2 = f (x) with f favorable, but C might have bad reduction outside N .
In general, L is a stem field for M if M is the Galois closure of L/Q. A pairresolvent for an S 5 -field F is a subfield K fixed by the centralizer of a transposition in S 5 . Then K is well-defined up to isomorphism and is a stem field for F . If r 1 and r 2 are distinct roots of a quintic polynomial f with splitting field F , we can take K = Q(r 1 + r 2 ), the fixed field of Sym{1, 2} × Sym{3, 4, 5}. There is only one prime p over 2 in K by Proposition 1.2(iii). Let Ω (a) K be the maximal elementary 2-extension of K of modulus p a ·∞, i.e., the compositum of all quadratic extensions of K with that modulus. Write rk a for the rank of Gal(Ω (a)
The following is a restatement of Theorem 6.1.22. Theorem 1.3. Let A be a favorable abelian surface of conductor N and let K be a pair-resolvent field for F = Q(A[2]). Suppose that B is a semistable abelian variety of dimension 2d and conductor N d , with B[2] filtered by copies of A [2] . If rk 2 = 0 and rk 4 ≤ 1, then B is isogenous to A d . If B is a surface, it is isogenous to A.
For the proof, we first construct suitable categories E, chosen so that extensions of the simple objects E in E can be identified. A description of their extensions as group schemes over Z p is obtained via Honda systems. For global applications, assume that p = 2 and Q(E) is a favorable S 5 -field. Monodromy at N restricts the extensions W of E by E as group schemes over Z[ E (E, E) required by Schoof's theorem. Ray class field information, difficult to reach over F , becomes accessible over the degree 10 field K. Moreover, we found that Theorem 1.3 and Proposition 6.1.13 have no analog for other intermediate fields of F/Q. A more detailed overview of our paper follows.
The category E of finite flat p-group schemes over Z[
1 N ] defined in §3 is motivated by necessary conditions for an abelian variety B to be isogenous to a product of given semistable abelian varieties A i . It is essential to impose conductor bounds at N , without which Theorem 3.7 does not apply, as indicated in Remark B.4. Thanks to Proposition A.2, we deduce in Theorem 3.9 that it suffices to study the subgroup Ext 1
[p],E (E, E) consisting of classes of extensions W of E by E such that pW = 0. We review group schemes and Honda systems over the ring of Witt vectors W of a finite field k of characteristic p in §2. In §4, finite Honda systems are used to classify absolutely simple biconnected finite flat group schemes E of rank p 4 over W and describe the classes [W] in Ext
1
[p],Zp (E, E). We give the structure of the associated Galois modules E and W in §5 and obtain a conductor bound for the elementary abelian extension K(W )/K(E) in Proposition 5.2.17. The latter improves on Fontaine's bound in our case, cf. Remark 5.2.19.
In §6, we restrict to p = 2 and give a class field theoretic condition equivalent to the vanishing of Ext
[2],E (E, E) in Proposition 6.1.21. Its proof exploits the following ingredients: (i) monodromy at N , to determine the matrix groups available for Gal(Q(W )/Q) as W runs over the extensions of E by E as Galois modules; (ii) conductor bounds at p = 2, as described above and (iii) rigidification in §5.3 and (6.1.5) of the cocycles corresponding to local and global extensions of E by E, to check whether they are compatibile, as needed for patching.
Appendix C contains several general facts required for the determination of abelian conductor exponents in our applications.
In Appendix D, we apply Theorem 1.3 to all the favorable quintic fields with N at most 25000 to obtain Table 1. In particular, there is a unique isogeny class of abelian surfaces for each conductor N in {277, 349, 461, 797, 971}. Curious about the wider applicability of our criterion, we studied the fields corresponding to 276109 favorable abelian surfaces of prime conductor at most 10 10 found by an ad-hoc search. We were surprised to discover that the uniqueness, up to isogeny, in Theorem 1.3 holds uniformly for about 11.8% of those fields. The data is summarized in Table 3 .
In our companion paper [BK5] , extensions W of exponent p 2 are studied and new "full image" results for certain subgroups of GSp 2g (Z 2 ) generated by transvections are obtained. As a consequence, if A is a favorable abelian surface, then Q(A [4] ) is an elementary 2-extension of rank 11 over Q(A[2]) with carefully controlled ramification. In Table 1 , we also indicate the fields for which no favorable abelian surface can exist because there is no candidate for its 4-division field.
The authors wish to express their gratitude to the anonymous referees for their extremely careful reading of the manuscript. Their valuable suggestions helped us clarify and improve the exposition.
Write K for the algebraic closure of K and G K = Gal(K/K). For any local or global field K, let O K be its ring of integers. If L/K is a Galois extension of number fields, let D v (L/K) and I v (L/K) be the decomposition and inertia subgroups of Gal(L/K) at a place v of L. We also use v for its restriction to each subfield of L. When the local extension
Some review of group schemes
Let R be a Dedekind domain with quotient field K. Calligraphic letters are used for finite flat group schemes V over R and the corresponding Roman letter for the Galois module V = V(K). The order of V is the rank over R of its affine algebra, or equivalently the order of the finite abelian group V = V(K).
By the following result of Raynaud ([Con1] , [Ray1] ), group schemes occurring as subquotients of known group schemes can be treated via their associated Galois modules. Thus, the generic fiber functor induces an isomorphism between the lattice of finite flat closed R-subgroup schemes of V and that of finite flat closed K-subgroup schemes of V |K , where K is the field of fractions of R. The following results will be used without explicit reference.
Lemma 2.1. Let R be a Dedekind domain with quotient field K and let V be a finite flat group scheme over R with generic fiber V = V |K . If W = V 2 /V 1 is a subquotient of V , for closed immersions of finite flat K-group schemes V 1 ֒→ V 2 ֒→ V , there are unique closed immersions of finite flat R-group schemes V 1 ֒→ V 2 ֒→ V, such that V i = V i |K , and there is a unique isomorphism
] and let Gr be the category of p-primary finite flat group schemes over R. Let C be the category of triples (V 1 , V 2 , θ) where V 1 is a finite flat Z p -group scheme, V 2 a finite flat R ′ -group scheme and θ :
Then Proposition 2.3 of [Sch1] asserts that the functor Gr → C taking the R-group
is an equivalence of categories. We can identify V ⊗ R R ′ with the Galois module V , since V isétale over R ′ . For objects V 1 , V 2 of Gr, the Mayer-Vietoris sequence of [Sch1, Cor. 2 .4] specializes to:
Corollary 2.3. Let V 1 and V 2 be finite flat group schemes over R = Z[
The following natural maps are isomorphisms:
If V is a group scheme over R and V |Qp is absolutely irreducible, then
Proof. The first claim follows from (2.2) and a theorem of Fontaine quoted in [Maz, Thm. 1.4] . For the second, use Schur's Lemma and a diagram chase.
We next review some basic material on Honda systems found in [BrCo, Con2, Fon3] . Let p be a prime, k a perfect field of characteristic p > 0, W = W(k) the Witt vectors and K its field of fractions. Let σ : W → W be the Frobenius automorphism characterized by σ(x) ≡ x p (mod p) for x in W. The Dieudonné ring 
is a finite Honda sytem. Honda systems owe their importance to the following fundamental result.
) from the category of p-divisible groups over W to that of Honda systems (D(G k ) is the Dieudonné module of G k ). The same holds for p = 2 if we restrict to connected objects on both sides. ii) If p > 2, there is a natural anti-equivalence of categories from the category of finite flat p-primary group schemes over W to that of finite Honda systems and the same holds for p = 2 if we restrict to connected objects on both sides. iii) The cotangent space of G k at the origin is
is naturally identified with the finite Honda system associated with G[p n ] for all n ≥ 1.
Lemma 2.5. Let (M, L) be a Honda system of exponent p. Then M = L + FM is a direct sum, ker F = VL = VM, dim ker F = dim L and ker V = FM.
Proof. Since L/pL → M/FM is an isomorphism, M = L + FM is a direct sum and
Hence dim ker F = dim L and equality holds for each inclusion in VL ⊆ VM ⊆ ker F because V |L is injective. In addition,
so M = L + ker V is a direct sum and the inclusion FM ⊆ ker V is an equality.
Let CW k denote the formal k-group scheme associated to the Witt covector group functor CW k , cf. [Con2, Fon3] . When k ′ is a finite extension of k and K ′ is the field of fractions of The Hasse-Witt exponential map is a homomorphism of additive groups:
independent of the choice of liftsã −n in O K . If U is the group scheme of a Honda system (M, L), the points of the Galois module U correspond to D k -homomorphisms
We write+ for the usual Witt covector addition [Con2, p. 242] and state some related elementary facts. For q a power of p and x, y in k, the congruence Φ q (x, y) ≡ ((x+ỹ)
q −x q −ỹ q )/q (mod pO K ) defines a unique, possibly non-integral element of K/pO K , independent of the choices of liftsx,ỹ in O K . The binomial theorem yields the following estimate:
It is convenient to write ( 0, x −n , . . . , x 0 ) for the element (. . . , 0, 0,
A routine calculation using the formulas in [Abr, Con2] gives:
where
The new categories
After a review of local conductors, we introduce the categories in which extension classes will be studied.
Fix distinct primes N and p and let K be a finite extension of Q N . If L/K is a Galois extension, let D = D(L/K) be its Galois group and I = I(L/K) its inertia subgroup. When I acts tamely on the finite
Let A be an abelian variety over Q N with semistable bad reduction and let T p (A) denote its p-adic Tate module. We freely use results of Grothendieck [Gro] , reviewed in [BK1] . The p ∞ -division field Q N (A[p ∞ ]) depends only on the isogeny class of A, so is shared by the dual variety A. The inertia subgroup
Proof. In the following diagram
π is an isomorphism induced by the natural projection π :
and  is an injection induced by the inclusion j :
using super-additivity of conductors for the last inequality. By assumption, the left and right sides of (3.2) are equal, so
is an isomorphism and (σ − 1)(T p ) = M t (A) upon passage to the limit. E1. Each composition factor of V is isomorphic to some
E3. If n i is the multiplicity of E i in the semi-simplification V ss of V , then
A collection of semistable abelian varieties
In particular, a favorable abelian surface A is Σ-favorable with Σ = {A[2]}.
Lemma 3.4. If 0 → W → V → V → 0 is an exact sequence of finite flat group schemes and V is in E, then W and V also are in E.
Proof. By super-additivity of conductors and E3 for V , we have
Hence E3 is valid for both W and V . The rest is clear.
Lemma 3.4 implies that E is a full subcategory of the category of p-primary group schemes over Z[ 1 N ], closed under taking products, closed flat subgroup schemes and quotients by closed flat subgroup schemes. As in [Sch2] , this guarantees that Ext 1 E is defined. Note that Schoof had introduced E2 for his categories D, as a consequence of semistability.
Remark 3.5. If V ss = ⊕ n i E i , the conductor of V satisfies the lower bound f N (V ) ≥ n i f N (E i ), while E3 imposes equality. Remark B.4 indicates the need for E3 when dim E i > 2 and shows that it is not needed when dim E i = 2. Moreover,
Example 3.6. In Theorem 3.9 below, f N (B) is as small as possible, given the structure of B [p] ss . But minimality of conductor does not guarantee that B is semistable. For example, [Set] gives an elliptic curve over K = Q( √ 37) with everywhere good reduction:
If B is its Weil restriction to Q, then B has good reduction outside N = 37 and f N (B) = 2 by Milne's conductor formula [Mil, Prop. 1] . Let A be any of the elliptic curves over Q of conductor 37. These curves share the same group scheme E = A[2] and f N (E) = 1. Let E be the Σ-category with Σ = {E}. Then B[2] ss = E ⊕ E and so E3 holds. But B has potential good reduction at N and inertia at v|N acts on T 2 (B) through the finite quotient Gal(Q N ( √ 37)/Q N ), so E2 fails. Note that B was considered earlier in [Shi] .
We recall the following elegant theorem of Schoof on p-divisible groups.
Theorem 3.7 ( [Sch2, Theorem 8.3] ). Let C be a full subcategory of the category of p-primary group schemes over O = Z[ 1 N ], closed under taking products, closed flat subgroup schemes and quotients by closed flat subgroup schemes. Let G = {G n } and H = {H n } be p-divisible groups over O, with G n and H n in C. Suppose that i) R = End(G) is a discrete valuation ring with uniformizer π and residue field k = R/πR;
, is an isomorphism of onedimensional k-vector spaces; iii) each H n admits a filtration by flat closed subgroup schemes whose successive subquotients are isomorphic to G [π] . Then H is isomorphic to G r for some r. 
Proof. Lemmas 3.1 and 3.4 imply the first claim. For the converse, it suffices by Lemma 3.4, to show that B[p r ] belongs to E. Property E1 is clear and E2 follows from semistability. By super-additivity of conductors,
Thus each weak inequality above is an equality and so
by Lemma 3.10. Let M be a finite length module over the ring R and E 1 , . . . , E s its non-isomorphic simple constituents. Let M i be the maximal R-submodule all of whose composition factors are isomorphic to
M is the sum of its isotypic components.
Proof. If all composition factors of the R-modules N and N ′ are isomorphic to E i , the same is true of N + N ′ as a quotient of N ⊕ N ′ , so the definition of M i makes sense. The sum of the M i is direct, since no simple module occurs in the intersection of M j with the sum of the other isotypics. By the long exact sequence of Ext and induction, Ext
Remark 3.11. In his work on deformations, Ploner [Plon] considered conditions E1, E2 and E4 for two-dimensional group schemes.
Some Honda systems
Recall that W is the ring of Witt vectors over a finite field k of characteristic p and let K be the quotient field of W. Suppose that E = A[p] is an absolutely simple finite flat group scheme of order p 4 where A is an abelian surface over K with biconnected good reduction. In this section, we classify the Honda systems of such E's and those of extensions of E by itself annihilated by p.
Proposition 4.1. Let (M, L) be the Honda system for a group scheme E as above. Then there is a k-basis Proof. Let E = (M, L) be the Honda system for E. Refer to Lemma 2.5 as needed. Theorem 2.4, applied to the p-divisible group of A implies that dim L = 2. By absolute simplicity, E becomes a Raynaud F p 4 -module scheme over the Witt vectors
Suppose that L ′ does not contain two successive basis vectors. Then we may assume that L ′ = span{ξ 1 , ξ 3 }. By injectivity of V on L, we have Vξ 1 = ξ 0 and
Thus there is a sub-Honda system (M ′′ , L ′′ ) of E with M ′′ = span{η, Fη} and L ′′ = span{η}, contradicting absolute simplicity of E.
Therefore, we may assume that
in L and so L = span{x 1 , x 2 }. Set x 4 = Fx 1 and x 3 = F 2 x 1 . Since dim k ker F = 2 and F is nilpotent, F 3 = 0. By iterating F on M = L + FM to find that FM = FL + F 2 L = span{x 3 , x 4 }. Thus x 1 , x 2 , x 3 , x 4 is a basis for M. Injectivity of V on L implies that Vx 2 = 0. But Vx 2 is in ker F = VL = span{x 2 , x 3 } and V is nilpotent. Hence Vx 2 = λx 3 for some λ ∈ k × , resulting in matrix representations of the form (4.2).
and so
be the Honda system in the Proposition and call x 1 , x 2 , x 3 , x 4 a standard basis for E λ . Denote the corresponding group scheme, Galois module and representation by E λ , E λ and ρ E λ respectively.
Let Ext
1 (E λ , E λ ) be the group of classes of extensions of Honda systems: 
is exact, we can extend e 1 , e 2 to a basis for L by adjoining elementsẽ 5 ,ẽ 6 of L such that π(ẽ 5 ) = x 1 and π(ẽ 6 ) = x 2 .
From V(π(ẽ 5 )) = π(ẽ 6 ), we have Vẽ 5 =ẽ 6 + r 1 e 1 + r 2 e 2 + r 3 e 3 + s 1 e 4 with s 1 and all r i in k. Replaceẽ 5 by e 5 =ẽ 5 +σ 2 (a 1 )e 1 +σ(a 2 )e 2 andẽ 6 by e 6 =ẽ 6 +b 1 e 1 +b 2 e 2 with a i , b i in k. Then Ve 5 = Vẽ 5 + σ(a 1 )e 2 + λa 2 e 3 =ẽ 6 + r 1 e 1 + (r 2 + σ(a 1 ))e 2 + (r 3 + λa 2 )e 3 + s 1 e 4 = e 6 + (r 1 − b 1 )e 1 + (r 2 + σ(a 1 ) − b 2 )e 2 + (r 3 + λa 2 )e 3 + s 1 e 4 .
Now choose a i , b i so that V(e 5 ) − e 6 = s 1 e 4 . Finally, let e 8 = Fe 5 and e 7 = Fe 8 . Since V(π(e 6 )) = λπ(e 7 ), there we may choose elements s i of k such that (4.6) Ve 6 = λ(e 7 + s 2 e 1 + s 3 e 2 + s 4 e 3 + s 5 e 4 ).
This verifies the matrix representation of V. From 0 = FVe 5 = Fe 6 + σ(s 1 )e 3 , we get Fe 6 = −σ(s 1 )e 3 . Apply F to (4.6) to find Fe 7 and obtain the matrix of F. The only ambiguity left is that e 5 might be replaced by e 5 + σ 2 (a 1 )e 1 , in which case s 4 becomes s 4 + a 1 − σ 4 (a 1 ) while s 1 , s 2 , s 3 , s 5 remain unchanged. 
) must be another such basis, the isomorphism h exists if and only if h(e ′ 1 ) = e 1 and h(e ′ 5 ) = e 5 + σ 2 (a 1 )e 1 with a 1 in k. It follows that s is a well-defined bijection. To verify the additivity of
By completing the matrices for V and F, we find that s
The local theory
In this section, we study the fields of points of extensions of exponent p whose Honda systems were described above. In particular, we obtain good conductor bounds. We use freely the notation of §2. Let K be the quotient field of W and letȧ be the Teichmüller lift to W of a in k, with0 = 0. Assume that w is in O K and ord p (w) > 0. For a in K/wO K , letã be an arbitrary lift to K. Assertions requiring lifts are made only when the result is independent of the choices, as in the following examples. If a is not in
For this section, we write x ∼ y when ord p (
5.1. The irreducible case. Let E λ be the group scheme and x 1 , . . . , x 4 a standard basis for the corresponding Honda system E λ = (M 0 , L 0 ) from Notation 4.3. The Galois module structure of E λ is well-known, but a description of E λ by Witt covectors is required for our analysis of extensions of E λ by E λ . Let F = K(E λ ), reserving Roman F and V for the Honda system Frobenius and Verschiebung operators in this section. Recall that points of the Galois module E λ correspond to
Proof. i) If ψ belongs to a point in E λ , then ψ(x 1 ) = ( 0, c, b, a), since V 3 = 0. We obtain ψ(x 2 ) and ψ(x 3 ) by applying V , while ψ(
With this simplification, the required congruences follow from (5.1.3). Furthermore, these congruences are sufficient to imply that ψ belongs to E λ when ψ(x 1 ) = ( 0, c, b, a). ii) If f λ (θ) = 0 and ζ generates µ p 4 −1 , then the roots of f λ have the form θ j = ζ j θ while their reductions modulo p give all non-zero elements of R λ . For the converse, letã be a lift of a ∈ R λ and g(x) = x
is the splitting field of f λ . Let F 0 be the maximal subfield of F unramified over K. Sinceλ p 2 and therefore alsoλ is a (p + 1) power in K(θ), each root η of x p+1 −λ is in F 0 . Furthermore, θ satisfies an Eisenstein polynomial of the form η p 2 x t + ωp = 0 over F 0 for some ω in µ p+1 . Hence K/F 0 is tamely ramified of degree t and we obtain the desired ordinals of a, b, c.
iii) The embedding F p 4 = W(F p 4 )/pW(F p 4 ) ֒→ O K /pO K defines the scalar multiplication by F p 4 . Closure of R λ under this operation and under the usual addition in O K /pO K is clear. The asserted Galois isomorphism follows from the correspondence between D k -homomorphisms belonging to E λ and points of E λ once we check that a → P a is additive. If a 1 and a 2 are in R λ , then there is some a in R λ such that ψ a1 (x 1 )+ ψ a2 (x 1 ) = ψ a (x 1 ). Denote this equation of Witt covectors by ( 0, c 1 ,
By using lifts of a, a 1 and a 2 of the form ω 0 θ, ω 1 θ and ω 2 θ, with each ω j in µ p 4 −1 ∪ {0}, we find that
Since the ω's lie in the absolutely unramified field Q p (µ p 4 −1 ) and ord p (p/θ p 2 ) > 0, we obtain ω 0 ≡ ω 1 + ω 2 (mod p) and thus a = a 1 + a 2 in O K /pO K . Alternatively, ord p (a − a 1 − a 2 ) ≥ 1 by the covector addition formulas in Lemma 2.7.
Remark 5.1.4. i) By (ii) above, the lifts of all a = 0 in R λ to O K comprise the cosets ζ j θ + pO K . Thus R λ descends to an F p 4 -vector subspace of O F /pO F and we write
For α in F p 4 and a in R λ , we write αP a = P αa , in agreement with multiplication on Witt covectors. In fact, αψ a = ψ αa , since evaluating on
ii) If h is in the ramification subgroup of Gal(F/K), then h acts on R λ (F ) by h(a) = αa, where α ∈ µ t depends on h. The structure of E λ as a Raynaud F p 4 -module scheme is reflected by h(P a ) = P h(a) = P αa = αP a . However, Frobenius in Gal(F/K) acts on the scalars.
iii) By Proposition 5.1.1, we have
p+1 a (mod p p+2 ). These congruences are independent of the choices of lifts to O K .
Using the local structure above, we next obtain a group scheme E over Z[ 1 N ] fulfilling the hypotheses of Definition 3.3 for a Σ-category E with Σ = {E}. We also determine the image of the Galois representation provided by E.
Corollary 5.1.5. Let E be a four-dimensional symplectic module over F p and let ρ : G Q → GSp(E) be unramified outside {p, N, ∞} and tamely ramified at the prime N = p. Suppose that:
i) ρ restricted to a decomposition group at p is isomorphic to a local representation of the form ρ E λ as in Notation 4.3; ii) inertia at v|N acts on E via a cyclic quotient σ v with (σ v − 1) 2 = 0 and rank(σ v − 1) = 1 as a matrix; iii) the fixed field of ρ −1 (Sp(E)) is Q(µ p ) when p is odd.
Then there is a unique finite flat group scheme E over Z[
1 N ] whose associated Galois representation is ρ. Moreover, the Galois image
Proof. By (i), the local representation is irreducible and so is E. We patch as described before (2.2) to get the uniqueness.
Since σ v is a transvection by (ii), the normal subgroup P generated by transvections is non-trivial. Follow the proof of [BK3, Proposition 2.8], using dim E = 4 and the fact that N is square-free, to conclude that E is irreducible for the group P generated by transvections. If p = 2, we find that G is isomorphic to Sp 4 (F 2 ) ≃ S 6 or O − 4 (F 2 ) ≃ S 5 . Since 5 must divide |G|, we rule out S 3 ≀ S 2 . When p is odd, G contains Sp 4 (F p ) by [KM] and thus is isomorphic to GSp 4 (F p ) by (iii).
When p = 2 and A is a favorable abelian surface, E = A[2] provides a representation ρ as in the Corollary.
Extensions of exponent
] from Proposition 4.5. Let P a denote the point of E λ corresponding to a in R λ (F ), cf. Proposition 5.1.1(iii) and Remark 5.1.4. Then the fiber over P a has the form Q + ι(E λ ) for any fixed Q in W such that π(Q) = P a . We write F a = F (Q) for the fiber field generated over F by the coordinates of Q.
Proposition 5.2.2. For ϕ to correspond to a point of W in the fiber over P a = 0, it is necessary and sufficient that ϕ(e 1 ) = ( 0, c, b, a) as in Proposition 5.1.1 and
where x, y, z in K satisfy all the following congruences:
and the classes of x in R a and y in R b are determined by (5.2.3)(i) and (ii). When
Since M is generated by e 1 and e 5 as a D k -module, ϕ is determined by ϕ(e 1 ) and ϕ(e 5 ). The injection of E λ to M yields ϕ(e j ) = ψ(x j ) for 1 ≤ j ≤ 4, as in Proposition 5.1.1(i). and so
We also have 
4 ≡ 0 (mod p). Thus the d 4 -terms drop out of (5.2.6). By (5.2.5), we have
In addition,
is greater than 1 if: (i) j = 3 and all p or (ii) j = 2 and p ≥ 3. If j = 2 and p = 2, we also have ord 2 (c 4 /4) > 1 and so (5.2.6) simplifies to
.5) and (5.2.7) give (5.2.3), using the equations for a, b, c in Remark 5.1.4(iii). It follows that f a (z) = 0 in R c for f a given by (5.2.4). When ǫ p = 0, we have
and thus
i.e., the middle terms of the binomial expansion for f a (z) drop out. Conversely, if f a (z) = 0 in R c and x and y are defined by (5.2.3)(i) and (ii), then (5.2.3)(iii) holds and we obtain a D k -homomorphism belonging to a point of W in the fiber over P . Let ϕ z be the D k -homomorphism such that ϕ z (e 1 ) = ( 0, c, b, a) and ϕ z (e 5 ) = d a (z) and let Q z be the corresponding point in W . The fiber field generated by the point of W lying over the point P a of E is F a = F (Q z ).
We next examine the effect of various choices of lifts on constructing a generator for the extension F a /F . Under the assumptions of Notation 5.2.8, choose lifts to O K of λ and the entries in s. By Remark 5.1.4(i), a has a liftã in O F . Using the congruences in Proposition 5.1.1 as equations,ã determines liftsb andc in O F of b and c. Letf be the polynomial with coefficients in F obtained by using the respective lifts to replace the corresponding coefficients of f a (Z).
Corollary 5.2.9. Constructf (Z) in F [Z] by choosing the lifts described above. If θ is any root off in K, then
Proof. Let M be the splitting field off over F . Since the p 4 solutions to the congruence f a (Z) = 0 in R c correspond to the distinct points of W in the fiber over P a , the roots off in K remain distinct when reduced to R c . If θ is any root off , its reduction z in R c determines the point When
, since the worst case middle term in the binomial expansion of α p leads to
. Upon clearing denominators, Hensel's Lemma [SL, II, §2] implies that h has a root in F a and the other roots come by refining α + j with 1 ≤ j ≤ p − 1.
A polynomial g a of degree p 4 , analogous to f a , but such that y in R b satisfies g a (y) = 0 in R b , can also be derived from Proposition 5.2.2 as in the Corollary below. Then y determines x in R a and z in R b and thus Q z . Choosing appropriate lifts leads tog(Y ) in F [Y ], such that a root ofg also generates the extension F a /F . Similar considerations apply to x. 
Proof. By assumption, w = 0 and ǫ p = s 1 . It suffices to treat s 1 = 0. In the proof of Proposition 5.2.2, we showed that d .3) (ii) to obtain x 4 = y 8 in R c . Thus z = y 16 in R c and it again follows that g a (y) = 0 in R b . Conversely, from y satisfying g a (y) = 0 in R b , we can find x and z such that (5.2.3) holds. The concluding arguments are analogous to those in the proof of Corollary 5.2.9.
We have focused on x, y, z in Proposition 5.2.2 because, as we show next, distinct solutions to f a (Z) = 0 in R c differ by elements of µ p 4 −1 .
Lemma 5.2.13. Let Q z lie in the fiber over P a = 0. Then every other point in the same fiber has the form Q z ′ with z ′ = z + ω in R c as ω ranges over µ p 4 −1 . If so, (5.2.14)
Proof. We have f a (z) = 0 in R c and we use (5.2.3)(i) and (ii) to find y and x. Putting z ′ = z + ω and using (5.2.14) to define y ′ and x ′ gives another solution to the congruences (5.2.3), thereby accounting for the additional p 4 − 1 points Q z ′ in the fiber over P a .
Let Q z ′ = Q z + ι(P a ′ ) and evaluate the corresponding D k -homomorphisms at e 5 to find the equation of Witt covectors
. This sum reduces to ordinary addition on coordinates in k. Indeed, apply Verschiebung twice and use Lemma 2.7 to get cz ′ = cz + c ′ and so c ′ = ωc in k. By Remark 5.1.4(iii), c ′ determines b ′ and a ′ . In particular, the various lifts satisfy
The next lemmas treats special cases used in the following subsection to describe Kummer generators when p = 2.
Lemma 5.2.15. If P a = 0, then the field F a of points of the fiber over P a equals the full field of points K(W ) for the Honda parameters in (5.2.16). 
The correspondence between the roots of f a (Z) and those of f ηa (Z) induced by z ↔ η e z shows that F ηa = F a and so each of these fields equals K(W ). 
because the upper ramification numbering behaves well for quotients.
Remark 5.2.19. In contrast to the Proposition, Fontaine's higher ramification bound leads to f(L/F ) ≤ p 2 + 2 by Proposition C.12, since Proposition 5.1.1(ii) gives e F/K = e F = (p 2 + 1)(p − 1). In particular, when p = 2, the sharper bound is essential for our applications.
We next verify the lemmas needed for the proof of the Proposition. For P a = 0 and f a as in Proposition 5.2.2, recall that F a = F (Q z ), where f a (z) = 0 in R c . Let π a be a uniformizer of F a . Proof. To find the conductors, we determine t in F a to which Proposition C.5 applies. In all cases below, g(t) − t is in µ p 4 −1 for all g = 1 in Gal(F a /F ) by Lemma 5.2.13 and F a = F (t). In case (i), let F a = F (ϑ) as in Corollary 5.2.10 and let y be the image of ϑ in R b . Observe that by (5.2.12), F a /F is totally ramified of degree p 4 and we have ord πa (y) = ord p (y) ord πa (p) = −(p − 1) 2 . Using t = y gives f(F a /F ) = p 2 − 2p + 2. In the remaining cases, ǫ p = 0 and F a = F (θ) as in Corollary 5.2.9, with θ a root off (Z) = 0 in O K andf a lift of the simpler version of f a in Proposition 5.2.2. If z is the image of θ in R c , then p 4 ord p (z) = ord p (w) − p 2 ord p (a) and so we have:
In cases (ii) and (iii), observe that F a is totally ramified of degree p 4 over F , with ord πa (z) = 1 − p 2 and 1 − p respectively. We use t = z to determine f(F a /F ). In case (iv), w = s 5 a p + s 4 a p 2 . Choose β ∈ W × such that β p ≡ s 5 (mod pW) and let t = θ p 3 + βa 1−p . By Lemma 2.6, with O-notation from the start of §5,
. Hence the ramification index of F (t)/F is at least p 4 . Since F (t) ⊆ F a and [F a : F ] ≤ p 4 , we have F a = F (t), totally ramified over F . If g(z) = z + ω as in Lemma 5.2.13, then
Proposition C.5 therefore applies with ord πa (t) = 1 − p to give f(F a /F ) = p.
Local corners.
For this subsection, p = 2 and K = Q 2 . Let E be the simple group scheme E λ of Notation 4.3, with λ = 1 necessarily. Let E be the Galois module of E, F = Q 2 (E) and ∆ = Gal(F/Q 2 ). By Proposition 5.1.1, F = Q 2 (µ 15 , ̟), with uniformizer ̟ satisfying ̟ 5 = 2. Fix a generator σ of the inertia subgroup of ∆ and a Frobenius τ generating Gal(F/Q(̟)) with τ στ −1 = σ 2 . Then ∆ = σ, τ is isomorphic to the Frobenius group of order 20 and E is the unique non-trivial irreducible module over R = F 2 [∆] .
Let W represent a class in Ext
as in (B.1). We introduce corners to rigidify ψ and facilitate comparison with the cocycles arising from global extensions. Suppose that V is any finitely generated R-module and let T σ = σ 4 +σ 3 +σ 2 +σ+1 in R be the trace with respect to σ. Since σ has odd order, V = V 0 ⊕ V ′ , where V 0 is the submodule on which σ acts trivially and V ′ = ker T σ = (σ − 1)(V ). The corner subgroup of V, which depends on the choice of τ , is defined as
If v 1 , . . . , v n is an F 2 -basis for Cor(V ), then Rv i ≃ E and V ′ = n i=1 Rv i . We consistently write P for the unique non-zero element of Cor(E), so P = P ̟ as in Proposition 5.1.1(iii) and P , σ(P ), σ 2 (P ), σ 3 (P ) is an F 2 -basis for E affording the matrix representations We will also use the twisted action of F 16 on E described in Remark 5.1.4. If a primitive fifth root of unity ζ in O F is defined by σ(̟) = ζ̟, then σ(αP ) = αζP and τ (αP ) = τ (α)P for all α in F 16 . The endomorphisms s and t belong to h, with respective minimal polynomials s 4 + s 3 + s 2 + s + 1 = 0 and t 4 − 1 = 0. We next describe h as an R-module. We have H 1 ( τ , h 0 ) = H 1 ( τ , F 16 ) = 0 by the additive Hilbert Theorem 90 and H 1 ( σ , h) = 0 because σ has odd order. Applying inflation-restriction with respect to the exact sequence 1 → σ → ∆ → τ → 1 shows that H 1 (∆, h) = 0.
Notation 5.3.4. For t as in (5.3.2), the following elements comprise Cor(h). Their labels are consistent with Notation 6.1.2.
(5.3.5) γ 0 = 0, γ 4 = t + t 2 + t 3 , γ 5 = t + t 3 , γ 9 = t 2 ,
All occur as values of extension cocycles for E by E when we range over Honda parameters, cf. Proposition 5.3.12 below.
Motivated by the conductor bound in Proposition 5.2.17, we assume from now on that f p (L/F ) ≤ 4. If T is the maximal elementary 2-extension of F with ray class conductor exponent 4, then T is Galois over Q 2 and we denote the action of δ in ∆ on elements h of Γ = Gal(T /F ) by δ h =δhδ −1 independent of the choice of liftδ of δ to Gal(T /Q 2 ). We also write σ for an element of order 5 in Gal(T /Q 2 ) projecting to σ in ∆. We have the following diagram of fields and Galois groups,
where Γ 1 is the wild ramification subgroup (see Appendix C) of Γ. We next describe the complete lower ramification filtration on Γ and its structure as a module for R = F 2 [∆].
Proposition 5.3.6. Let g 0 = Artin(̟, T /F ), g 1 = Artin(1 + ̟ + ̟ 3 , T /F ) and g 2 = Artin(1 + ̟ 3 , T /F ). Then Γ = Rg 0 ⊕ Rg 1 ⊕ Rg 2 ≃ F 2 ⊕ E ⊕ E and
with Γ 1 = Rg 1 ⊕Rg 2 and Γ 3 = Rg 2 . There is a Frobenius Φ of order 8 in Gal(T /Q 2 ) projecting to τ in ∆ and satisfying
Proof. We use the standard filtration U (n) F on local units, see (C.1). The R-module structure of Γ follows from the class field theory isomorphism
In particular, R acts trivially on the Frobenius g 0 of Γ, while Rg 1 and Rg 2 are isomorphic to E as R-modules. Since Γ 1 = Artin(U F , T /F ), we have Γ 1 = Rg 1 ⊕Rg 2 and similarly for Γ 2 , using U (2)
There is a residue extension of degree 2 for T /F , so Frobenius Φ projecting to τ has order 8. Set Φσ 3 Φ −1 = hσ for some h in Γ 1 . By direct computation,
for some x in Γ 1 and so (xΦ)σ 3 (xΦ) −1 = σ. Replace Φ by xΦ to guarantee that ΦσΦ −1 = σ 2 . Then ∆ acts trivially on Φ 4 , so Φ 4 = g 0 . Since H = σ, Φ is isomorphic to the Galois group of the maximal tame extension of F in T , we find that Gal(T /Q 2 ) is a semi-direct product of H by the normal subgroup Γ 1 .
Let r T /L : Gal(T /Q 2 ) ։ Gal(L/Q 2 ) be the natural projection. Note that the inertia group Gal(L/F ) 1 of Gal(L/F ) is the wild ramification subgroup Gal(L/Q 2 ) 1 of Gal(L/Q 2 ).
and H has order and exponent 40.
Proof. That H projects onto ∆ and that Gal(L/F ) 1 = r T /L (Γ 1 ) is the direct sum of at most 2 copies of E is immediate. Moreover, L/F is totally ramified if and only if g 0 = Φ 4 is in ker r T /L . Thus |H| = 20 in case (i) and 40 in case (ii).
Since T contains L = Q 2 (W ), the cocycle ψ in (5.3.1) inflates to Gal(T /Q 2 ). We may arrange for ψ(σ) = 0, since σ has odd order. Lemma 5.3.3 and (B.3) give injectivity of the restriction map:
and we say that χ = res([ψ]) in Hom R (Γ, h) belongs to W . Note that χ is determined by its values on g 0 , g 1 , g 2 , as defined in Proposition 5.3.6.
Lemma 5.3.9. The field L = Q 2 (W ) is the fixed field of ker χ. Moreover:
The residue degree of L/F is 1 or 2, according to whether χ(g 0 ) = 0 or I 4 .
Proof. The matrix representation (5.3.1) shows that g in Gal(T /Q 2 ) acts trivially on W if and only if g is in Γ = Gal(T /F ) and χ(g) = 0. Then items (i)-(iv) immediately follow from Proposition 5.3.6. In particular, (i) holds by considering the action of ∆ on g 0 , g 1 and g 2 .
Write W s for the extension of E by E of exponent 2 with Honda parameter s and W s for its Galois module. Belonging to W s are the cohomology class [ψ s ] in H 1 (Gal(T /Q 2 ), h) and its restriction χ s in Hom F2 [∆] (Γ, h), as described above. The rest of this section is devoted to evaluating χ s as s varies.
If h is in Γ = Gal(T /F ) and Q zj is any point in the fiber over σ j (P ), cf. Notation 5.2.8, any basis of the form (5.3.10) P, σ(P ), σ 2 (P ), σ 3 (P ), Q z0 , Q z1 , Q z2 , Q z3 yields the same matrix ρ Ws (h) in (5.3.1). Moreover, h(Q zj ) = Q zj + χ s (h) σ j (P ). Let M/F be a finite elementary 2-extension. Define its Kummer group by
Kummer theory gives a perfect pairing: We first determine χ s when L/F is a non-trivial totally ramified extension. For compatibilty with the notation for decomposition groups in §6, where we consider global Galois module extensions of
Proposition 5.3.12. If L/F is totally ramified, then χ s (g 0 ) = 0. Depending on the conductor exponent f(L/F ), we have: Proof. We begin with some basic Honda parameters, from which the others can be generated by Baer sum. Recall that F a denotes the extension of F obtained by adjoining the coordinates of the points in the fiber of W s above one point P a of order 2 in E. 2 )F ×2 and therefore equals R κ. By evaluating the pairing of Kummer theory and class field theory given by Hilbert symbols, we find that g 1 acts trivially on the square roots of elements of κ(L/F ), so χ s (g 1 ) = 0.
Set h = g 1 in the basic case (1) and h = g 2 in (2). Recall that the primitive fifth root of unity ζ is defined by σ(̟) = ζ̟. To find the matrix χ s (h), we use a basis for W s of the form
where z j is a root of the Honda polynomial f ζ j ̟ , cf. Notation 5.2.8. The action of ∆ = Gal(F/Q 2 ) puts h in the corner group of D p (L/F ), so χ s (h) is in Cor(h) and therefore equals one of the matrices in (5.3.5). In particular, χ s (h)(P ) = α 0 P , with α 0 = 0 or 1. Write h(Q zj ) = Q zj + α j P , where α 0 = 0 or 1 and
Then the (j + 1)-column of the matrix χ s (h) is [c 0j , c 1j , c 2j , c 3j ] T mod 2 by (5.3.10). From h(Q z0 ) = Q z0 + α 0 P , we get h(z 0 ) = z 0 + α 0 by Lemma 5.2.13. In the proof of Lemma 5.2.15, we showed that there is a correspondence between roots of f ̟ and f ζ j ̟ , allowing us to choose z j = ζ je z 0 , with e given by (5.2.16) and j = 1, 2, 3. Then h(z j ) = z j + α 0 ζ je in R c . Since h is not trivial on L, we have α 0 = 1. Further use of Lemma 5.2.13 gives We briefly treat the remaining 16 non-trivial Honda parameters, even though Lemma 6.1.14 shows that they are not needed for our global applications. The image of ι is isomorphic to the odd orthogonal group O − 4 (F 2 ) ⊂ Sp 4 (F 2 ). In addition, ι((2354)) = t and ∆ = s, t is the Frobenius group of order 20.
Fix a favorable quintic field F 0 with discriminant d F0/Q = ±16N and Galois closure F . By Proposition 1.2(i), the inertia group I v (F/Q) at each place v|N is generated by a transposition σ v when we identify Gal(F/Q) with S 5 . In this section, E is the Galois module giving ρ E : Gal(F/Q) = S 5 ι − → SL 4 (F 2 ). Using the matrices r, s, t in (6.1.1), σ v is conjugate to ρ −1 E (r), inertia at a some p|2 is generated by σ = ρ −1 E (s) and τ = ρ −1 E (t) is a Frobenius in the decomposition group D p (F/Q) = σ, τ . Hence the restriction of ρ E to D p (F/Q) agrees with the representation ρ E λ of Definiton 4.1, as normalized in (5.3.2). By Corollary 5.1.5, E extends to a group scheme E over Z[ 1 N ]. Let E be the Σ-category introduced in Definition 3.3 with Σ = {E}. This subsection is devoted to criteria for the validity of axiom E4 in Theorem 3.9, needed to prove Theorem 6.1.22.
To treat extensions W of E by E of exponent 2, let P = P E,E be the parabolic group as in (B.2). We describe subgroups of P in which the relevant representations ρ W take their values. 
The radical of G a equals c(Γ a ) and has size 2 a . The abelianization of G a is cyclic of order 2 and so defines the character ǫ 0 : G a → F 2 , generalizing the additive signature on S 5 . If a = 0 or 4, all automorphisms of G a are inner. The center of the other G a 's is generated by c(1) and there is an automorphism
When a = 5 or 9, Aut(G a ) is generated by ǫ, modulo automorphisms induced from conjugation by elements of the normalizer of G a in P.
The corner group of an F 2 [∆]-module consists of the elements fixed by t and annihilated by the trace T s . Using Magma, we find the non-zero corners of Γ a : (6.1.5) a 4 5 9 11 15 Cor(Γ a ) − {γ 0 } {γ 4 } {γ 5 } {γ 4 , γ 5 , γ 9 } {γ 5 , γ 11 , γ ′ 11 } {all γ i } Inclusions among the groups G a follow from this table and are indicated in the Hasse diagram by ascending lines:
Moreover, G 9 is isomorphic to the fiber product of G 4 and G 5 over G 0 and similarly for the other parallelograms. When an inclusion G b ⊂ G a exists, Magma extends the identity on G 0 to a surjection f a,b : G a ։ G b sending γ a to γ b .
Definition 6.1.7. An involution g in a group H is good if its conjugates generate H. If g is good in H ⊆ P and rank (g − 1) = 2, then g is very good.
Remark 6.1.8. A Magma verification shows that each G a has a unique conjugacy class of very good involutions, represented by d(r) with r as in (6.1.1).
Proposition 6.1.9. Let L be an elementary 2-extension of F = Q(E), Galois over Q, with L/F unramified outside {2, ∞} and f p (L/F ) ≤ 4 for all p|2. Then:
ii) For v|N , inertia I v (L/Q) is generated by a good involution in Gal(L/Q).
Since L/Q is unramified outside {2, N, ∞}, item (i) follows from Kronecker-Weber. The subfield of L fixed by the normal closure of σ v is unramified outside {2, ∞} and is contained in Q(i) by [BK1] , so equals Q. Thus (ii) holds.
Proof. By the Proposition ρ W (σ v ) is good and so is very good by assumption. Magma verifies that the G a represent the six conjugacy classes of subgroups of P that project onto S 5 and admit very good involutions. If [W] is a class in Ext
2.17 and rank ρ W (σ v − 1) = 2 by E3 of Definition 3.3.
Proof. In (i), [W ] 
is a subfield of the compositum LL ′ , the ramification properties required of L ′′ in Definition 6.1.11 hold. Proposition 6.1.9 shows that ρ(σ v ) is a good involution in G a and so is very good, conjugate to d(r) by Remark 6.1.8. Similarly for ρ W ′ (σ v ) in G a ′ . Hence the representatives ψ and ψ ′ can be chosen to satisfy ψ(σ v ) = ψ ′ (σ v ) = 0. We now have ψ ′′ (σ v ) = 0 and so rank ρ W ′′ (σ v − 1) = 2. By Corollary 6.1.10,
Let K = Q(r 1 + r 2 ) be a pair-resolvent field for F = Q(E), as defined before Theorem 1.3, namely the fixed field of Sym{1, 2} × Sym{3, 4, 5}. Let Ω K = Ω (4) K be the maximal elementary 2-extension of K of modulus p 4 ∞, where p is the unique prime over 2 in K and ∞ allows ramification at all archimedean places. Refer to the following diagram of fields and Galois groups.
•
To simplify notation, also write p for a place over 2 in L and for the restrictions of p to subfields of L. Note that primes over 2 are unramified in F/K. Suppose that L is the Galois closure of K ′ /Q. By Lemma C.11 with M , F , K ′ , K 1 and K there equal to the respective p-adic completions of L, F , K ′ , K and Q here,
Proposition 6.1.13. Let K be a pair-resolvent of F . There is a bijection
Proof. For v|N , I v (F/K) acts on the left cosets of Gal(F/K) in Gal(F/Q) with four fixed points and three orbits of size 2. Thus (N )O K = ab 2 where a and b are square-free, relatively prime ideals of O K of absolute norms N 4 and N 3 respectively.
is very good in G a . Magma shows that among the subgroups of index 2 in H, exactly one, say J, has the property that the action of G a on G a /J is faithful and g has exactly 8 fixed points in this action. Hence K ′ = L J is a stem field for L and in view of the factorization of (N )O K , no prime over N ramifies in
, then σ v ′ is conjugate to σ v in H and therefore gives the same J, so also the same K ′ . Since
. Then L properly contains F , since each quadratic extension of K in F ramifies at some prime over N . By Proposition 6.1.9(ii), σ v is a good involution in G. Since no prime over N ramifies in K ′ /K, the action of σ v on G/J has eight fixed points. The following group-theoretic properties of G have been established: i) There is a surjection π : G → S 5 whose kernel has exponent 2 and is the radical of G. ii) The abelianization of G has order 2. iii) If H is the inverse image under π of the centralizer of a transposition in S 5 , then there is a subgroup J of index 2 in H such that the action of G on G/J is faithful. iv) There is a good involution g in G whose action on G/J has 8 fixed points.
We have (i) since the radical of Gal(L/Q) is Gal(L/F ) and (ii) by Lemma 6.1.9(i).
In the Magma database of 1117 transitive groups of degree 20 only three satisfy (i)-(iv), namely G a with a in {4, 5, 9}. Furthermore, if J is the stabilizer in S 20 of any letter, then there is a unique conjugacy class of good involutions g in G such that g acts on G/J with exactly 8 fixed points. By applying this construction to G = Gal(L/Q), there is an isomorphism ρ : Gal(L/Q) → G a such that ρ(σ v ) is conjugate to g and has 8 fixed points when acting on G a /ρ(J). Computation now shows the following. If a = 4, then ρ(σ v ) is conjugate to d(r). If a is in {5, 9}, then ρ(σ v ) is conjugate to d(r) or d(r)ǫ(r) where ǫ is the automorphism of (6.1.4). In the latter case, replace ρ by ǫ • ρ. If W is the associated Galois module, then its class is a G a -class. Because any automorphism of G a preserving the conjugacy class of d(r) is conjugation by an element of P, the class [W ] is unique. 
E (E, E).
Recall that h = Hom F2 (E, E) and let ψ : G Q → h represent the class in H 1 (G Q , h) associated to [W ] , as in (B.1). Recall that at p|2, the decomposition group D p (F/Q) is isomorphic to ∆ = s, t .
Lemma 6.1.14.
Proof. We may assume D p (L/F ) = 1. Computation shows that G a contains no subgroup of order and exponent 40 whose projection to S 5 has order 20. Conclude by using Proposition 5.3.6 and its Corollary 5.3.7. 
ii) If a ∈ {4, 5, 11} and W prolongs to a group scheme over R, then f p (L/F ) ≤ 2.
Proof. Refer to Remark 6.1.15 for notation. In item (i), we have χ(g 2 ) = 0 by Lemma 5.3.9(ii). To match χ with χ s for some local Honda parameter s, we therefore consider s in Proposition 5.3.12(i), also allowing s = 0. As s varies, χ s (g 1 ) ranges over all possible corners of h and we can find a unique s such that χ s (g 1 ) = χ(g 1 ). Hence W prolongs to a group scheme W over R.
In item (ii), G a does not contain γ 9 by (6.1.5). Then χ(g 2 ) = 0, to match χ s (g 2 ) for some Honda parameter s in Proposition 5.3.12. Hence f p (L/F ) ≤ 2.
Definition 6.1.19. Let K be a pair-resolvent of F and Ω K the maximal elementary 2-extension of K unramified outside {2, ∞} such that
Remark 6.1.20. For F to be amiable, all the following conditions are necessary: Proposition 6.1.21 . Let E be the group scheme introduced at the beginning of this section. Then Ext 18(ii) . By diagram (6.1.6) and Lemma 6.1.12(ii), there is a
, contradicting the amiability of F . The same argument applies when a = 4 or 5. If a = 15 or 9, then [W ] gives rise to both a G 4 -class and a G 5 -class. Then Lemma 6.1.13 provides two distinct quadratic extensions of K contained in Ω K , again contradicting the amiability of F .
Suppose that F is not amiable. Assume first that [Ω K : K] = 2 and let [W ] be the G a -class corresponding to Ω K /K by Proposition 6.1.13. By amiability,
, coming from distinct quadratic extensions of K in Ω K and satisfying a, a ′ ∈ {4, 5, 9}. Since a G 9 -class gives rise to a G 4 -class and a G 5 -class, we need only consider the pairs (a, a ′ ) in {(4, 4), (5, 5), (4, 5)}. In the notation of Remark 6.1.15, let χ and χ ′ in Hom F2 [∆] (Gal(T /F p ), h) belong to W and W ′ respectively. Then the Baer sum W ′′ = W + W ′ represents a G b -class by Lemma 6.1.12 and χ ′′ = χ + χ ′ belongs to W ′′ . By Lemma 6.1.18(i) and Lemma C.11, we may assume that f p (L/F ) = f p (L ′ /F ) = 4 and so χ(g 2 ) and χ ′ (g 2 ) are non-trivial, by Proposition 5.3.9(ii). In all these cases, only one non-trivial corner is available in (6.1.5), namely χ(g 2 ) = γ a and χ ′ (g 2 ) = γ a ′ . If a = a ′ = 4 or 5, then χ ′′ (g 2 ) = 0 and so f(L ′′ /F ) ≤ 2. Thus W ′′ prolongs to a group scheme over Z[
′′ is compatible with χ s for some s in Proposition 5.3.12(i) or (ii) and the corresponding group scheme exists. 6.2. Elliptic curves of prime conductor, supersingular at 2. We briefly note how Theorem 3.9 applies to elliptic curves. Let A be an elliptic curve of prime conductor N with supersingular reduction at 2 and E = A[2]. Then F = Q(E) is an S 3 -extension and E is an irreducible Galois module even locally over Q 2 . The only two irreducible F 2 [S 3 ] modules are the trivial one and E.
Proposition 6.2.1. Let K be a cubic subfield of F = Q(E) and let p be the prime in K above 2. A necessary and sufficient condition for Ext
1
[2],E (E, E) = 0 is that there be no quadratic extension of K of dividing conductor p 2 ·∞.
Proof. Only two subgroups of the parabolic group P E,E admit good involutions.
One is isomorphic to S 3 and corresponds to the split extension of E by itself because H 1 (S 3 , End(E)) = 0 while the second is isomorphic to S 4 . If M is the field of points of an extension of E by E annihilated by 2 and Gal(M/Q) ≃ S 4 , then M is the Galois closure of a quadratic extension of K unramified at primes over p. The bound for the local conductor over 2 is given in [Sch1, Proposition 6.4] and Theorem 3.9 applies. A related proof is in [Sch2] for A = J 0 (N ) with N = 11 and 19.
In the Cremona Database, we find 2037 isogeny classes of elliptic curves supersingular at 2 and of prime conductor N < 350000. From the Brumer-McGuinness Database [BM] , we extract an additional 2422 isogeny classes for a total of 4459 such classes with N ≤ 10 8 . Applying the Proposition above, we find 847 elliptic curves A to which Theorem 3.9 applies.
Let A 1 and A 2 be elliptic curves of prime conductor N with each E i = A i [2] biconnected over Z 2 and satisfying Ext
We found 42 conductors N with multiple A i to which our results apply.
As an entertaining example, Cremona's Database lists four elliptic curves of conductor 307, with A 1 = 307A1, A 2 = 307C1 and A 3 = 307D1 supersingular at 2. Their 2-division fields correspond to the three subfields of the ray class field of k = Q( √ −307) of modulus 2 O k . Theorem 3.9 implies the following. Let B be a semistable abelian variety, good outside N = 307, with B[2]
3 . Note that we need not impose the conductor f N (B) = n i f N (A i ) = n i , thanks to Remark 3.5.
Appendix A. A cohomology computation in the old style Let T = Λ[G] be the group ring of a finite group G over a discrete valuation ring Λ with prime element π and finite residue field k of characteristic p. We consider a cocycle approach to Ext
. Let V and W be finitely generated T -modules such that πV = πW = 0. A symmetric cocycle is a function f : [EiMa, Theorem 7.1] . Coboundaries are symmetric cocycles such that
The symmetric cocycle f is enhanced if there is a function h : T × V → W satisfying the following for v's in V and r, s in T :
The cohomology classes of enhanced cocycles form a k-vector space D(V, W ).
Lemma A.1. The functor from T -modules to abelian groups induces an exact sequence 
turns f into an enhanced cocycle. For the converse, give W × V the structure of a T -module by setting
. Given f as above, let ι : V → W be defined by ι(a) = h(π, a). Since π(w, v) = (ι(v), 0) and π is in the center of T , we conclude that ι is a T -homomorphism and that the sequence is exact.
Using the Lemma, we give a refined variant of [Sch3, Lemma 2.1]. Let F be a number field and R its ring of S-integers for a finite set S of primes. 
Proof. Apply Lemma A.1 with G the Galois group of a suitable finite extension of F . Then the passage from Galois modules to the associated group schemes is as in Schoof and so is left to the reader.
Appendix B. Parabolic subgroups and an obstreperous cocycle
For any group G, consider representations ρ Ei afforded by
2 . In the category of F p [G]-modules, the extension classes of E 2 by E 1 under Baer sum form a group isomorphic to H 1 (G, h). The exact sequence of
and the class [W ] in Ext
Any normal subgroup H of G acting trivially on both E 1 and E 2 satisfies
, the following sequence is exact:
Remark B.4. Let E 1 and E 2 above be G Q -modules, with F = Q(E 1 , E 2 ) and ∆ = Gal(F/Q). If the extension W = W ψ belongs to a cocyle ψ : ∆ → h whose class in H 1 (∆, h) is not trivial, then Q(W ) = F , even though W does not split as a ∆-module.
For example, let p = 2 and E = E 1 = E 2 , with dim F2 (E) = 2n, so that h is isomorphic to Mat 2n (F 2 ). As in [BK3, Remark 2.6] , equip E with the irreducible symplectic representation of ∆ ⊂ Sp 2n (F 2 ) isomorphic to S m , with transvections corresponding to transpositions and m = 2n + 1 or 2n + 2. If n = 1, then ∆ = S 3 and so
, where sign + is the sign of the permutation g with values in F 2 . This situation can occur when E is the kernel of multiplication by 2 on the Jacobian of a hyperelliptic curve of genus at least 2.
Suppose further that E has prime conductor N and let σ v generate inertia in F/Q at v|N . Then σ v is a transposition in S m , so ψ(σ v ) = I 2n . It follows from (B.1) that rank ρ W (σ v − 1) = 2n. Since the minimality assumption E3 on our category E requires that this rank be 2, the extension W is not acceptable when n > 1. However, W does prolong to a group scheme over Z[ 
Appendix C. Some technical lemmas on local conductors
Let K be a finite extension of Q p with uniformizer π K , ring of integers O K and absolute ramification index e K = ord πK (p). Set Ser1, IV] for basic information about ramification groups and conductors. Let L/K be a finite Galois extension. The index of elements
is the inertia group, its fixed field is the maximal unramified extension of K inside L and the p-Sylow subgroup G 1 is the wild ramification subgroup of G.
α is surjective for all α. Translation by an unramified extension of the base does not affect the conductor, as we next recall.
Proof. The restriction map Gal(LF/F ) res − − → Gal(L/L∩F ) is an isomorphism. Since F/K is unramified, π L also is a prime element of LF . For all s ≥ 0, it follows from the definition of the lower numbering that restriction induces an isomorphism
Thus the Herbrand functions of LF/F and L/K agree and the rest is clear.
Proposition C.5. Let L = K(t) be Galois over K, with ord πL (t) = −n prime to p and negative. If g(t) − t is a unit for all g = 1 in G 0 , then G 0 is an elementary abelian p-group and f(L/K) = i L/K (g) = n + 1.
Proof. By assumption, non-trivial elements g of G 0 satisfy g(t) = t + u with u a unit in O L and g(u) ≡ u (mod π L ). If g has order d, then
so p|d. Hence G 0 = G 1 is a p-group and so i = i L/K (g) ≥ 2. Furthermore, ord π (g(a) − a) ≥ i for all a in O L . Set π = π L , θ = 1/t = απ n and g(π) − π = βπ i , where α and β are units in O L . We have the following congruences modulo π n+i O L :
and therefore ord π (g(θ) − θ) = n − 1 + i. Explicitly, g(θ) − θ = t − g(t) t g(t) = − u t g(t)
= −u · θ g(θ), so ord π (g(θ) − θ) = 2n. Hence i = n + 1 and the lower ramification sequence has only one gap: G 0 = G n G n+1 = {1}. By ramification theory, G n is an elementary abelian p-group and we have f(L/K) = ϕ L/K (n) + 1 = n + 1.
Next, we recall the conductors of Kummer extensions of degree p. Lemma C.6. Let K contain µ p and L = K(κ 1/p ) with κ ∈ K × . Then f(L/K) = pe K p − 1 + 1 if ord πK (κ) ≡ 0 mod p and this is maximal for cyclic extensions of K of degree p. If ord πK (κ − 1) = n with 1 ≤ n < pe K /(p − 1) and n ≡ 0 mod p, then f(L/K) = pe K p − 1 − n + 1.
Proof. In the first case, assume without loss of generality that ord πK (κ) = 1, so θ = κ 1/p is a prime element for L. If g = 1 in Gal(L/K), then g(θ) − θ = (ζ − 1)π L for some a p-th root of unity ζ and the conductor follows by definition.
In the second case, set κ = 1 + uπ For 1 ≤ j ≤ p − 1, we have ord πK (a j ) = e K − (p − j) e K p − 1 = (j − 1) e K p − 1 ≥ 0.
Put z = t in (C.7) and compare ordinals on both sides, using p ∤ n, to see that L/K is totally ramified of degree p and ord L (t p ) = n ord πL (π K ) − p ord πL (ζ − 1) = np − p pe K p − 1 .
Thus ord p (t) = n − peK p−1 and f(L/K) can be found by using Proposition C.5. Remark C.8. Since the choice of κ can be changed by multiplying by a suitable element of K ×p , the only remaining cases are n ≥ For the next lemma, refer to the following diagram:
Lemma C.11. Let F be the Galois closure of K 1 /K and assume that F/K 1 is unramified. Let K ′ be an abelian extension of K 1 and let M be the Galois closure of K ′ /K. Then M is abelian over F and f(M/F ) = f(K ′ /K 1 ).
Proof. The field M contains F because K ′ contains K 1 . Moreover, M is the Galois closure of K ′ F/K. Since K ′ is abelian over K 1 , the extension K ′ F/F is abelian. By Lemma C.10, with L there equal to K ′ F here, we find that M/F is abelian and f(M/F ) = f(K ′ F/F ). By Lemma C.4, translation of the base via an unramified extension does not change the conductor, so f(K ′ F/F ) = f(K ′ /K 1 ). Hence f(M/F ) = f(K ′ /K 1 ).
When L = K(V ), where V is a finite flat group scheme over O K of exponent p n , Fontaine [Fon4] showed that m L/K ≤ e K (n + 
We may assume that L properly contains L 1 . Using c L/L1 = c L/K , we have
But F is contained in L 1 and L 1 /F is unramified. Hence Lemma C.4 shows that
Conclude with Fontaine's bound.
Appendix D. Some Data
The quintic field F 0 is amiable if its Galois closure F is amiable as in Definition 6.1.19, so that the uniqueness in Theorem 6.1.22 applies. To check amiability, construct the pair-resolvent field K and ask Magma, under GRH, for the 2-rank of the ray class groups of K with the desired moduli, as in Theorem 1.3. A favorable abelian surface A is of type F 0 if Q (A[2] ) is the Galois closure of F 0 . To find representatives for isogeny classes of abelian surfaces of prime conductor N , it suffices to search for Jacobians by [BK4, Theorem 3.4.11] . If F is amiable, then it is not totally real by Remark 6.1.20. The Magma database of quintic fields contains 1919 favorable quintic fields that are not totally real. Their absolute discriminants are at most 5·10 6 and 714 of them are amiable. We know Jacobians for only 82 of the latter, but expect conductors of abelian surfaces to be sparse among integers.
We tabulate explicit information for favorable fields and curves with N < 25000 and summarize some data for N < 10 10 . In all our tables, [a 0 , a 1 , a 2 , . . . ] denotes the polynomial a 0 + a 1 x + a 2 x 2 + . . . , as in Magma.
Legend for Tables 1 and 2  Table 1 gives a defining polynomial f (x) for each of the 172 favorable quintic fields F 0 of discriminant ±16N with N < 25000. Table 2 consists of 75 curves y 2 = g(x) whose Jacobians represent distinct known isogeny classes of favorable abelian surfaces of prime conductor N < 25000. If C is curve number 25, 63 or 64 in that table, its leading coefficient has the form 4m 3 . These curves exhibit mild reduction [BK4, p. 1162] , in that C is bad at p|m but the reduction of J(C) at p is the product of two elliptic curves.
In both tables, the column marked ǫ contains an α if F 0 is amiable. For each field F 0 in Table 1 , the column marked #C contains one of the following:
• the line number of a curve in Table 2 such that g has a root in F 0 ;
• 0 if we can prove that no abelian surface of type F 0 exists by [BK5] ;
• P if no non-lift paramodular form of that level exists, so no such surface is expected to exist; • U if there is at most one isogeny class of that type, but it is unknown whether such an abelian surface actually exists; • ν if F 0 is not amiable and we do not know whether or not any surface exists. Tables 3 and 4 We know 276109 curves, including 10360 mild curves with 3 ≤ m ≤ 53, whose Jacobians are favorable and non-isogenous of prime conductor N < 10 10 , for a total of 275494 non-isomorphic fields. Table 3 summarizes the statistics. For 0 ≤ j ≤ 9, the j-th column refers to N between j · 10 9 and (j + 1) · 10 9 . The rows A, F and α, respectively, give the number of abelian varieties, fields and amiable fields. It is remarkable that approximately 11.8% of the favorable fields are amiable, uniformly for each slice of size 10 9 . For the reader's entertainment, Table 4 lists the curves we found with largest conductors below 10 10 and amiable Jacobians. 
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